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Abstract

Parsing Expression Grammars (PEGs) are a deterministic formal-
ism for describing syntax that has gained wide adoption in prac-
tice. A natural question is whether a PEG parser always terminates:
could a grammar send a parser into an infinite loop? We show that
this is not the case for well-typed PEGs, using a logical-relations
argument inspired by the well-known strong normalization proof
for the simply typed A-calculus. The proof is mechanized in the
Agda proof assistant.
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1 Introduction

Parsing Expression Grammars (PEGs), introduced by Ford [7], are
a formalism for describing recursive-descent parsers in a purely
declarative style. A PEG over an alphabet ¥ with n nonterminals
is a system of n mutually recursive rules, each defining a parsing
expression built from terminals, sequences, ordered choices, Kleene
stars, and not-predicates. The semantics is given by a deterministic
relation G - e, s = r, stating that expression e, applied to input
string s in grammar G, yields result : either a pair of the consumed
prefix and the remaining input, or an explicit failure.

Like all recursive-descent formalisms, PEGs do not support left-
recursive rules, and the body of a Kleene-star expression must con-
sume input on every iteration; otherwise the star loops.! A PEG
that succeeds or fails on every input is called complete. Decid-
ing completeness is undecidable in general [7]; Ford therefore pro-
posed a decidable well-formedness predicate defined by induction
on the expression syntax, together with a fixpoint computation
over all sub-expressions of the grammar. Notation G F e denotes
that expression e is well-formed in grammar G.

!An expression e succeeds on input s in grammar G if G e, r = and r is not a
failure.
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As observed by Ribeiro et al. [12], however, this approach has a
subtle issue: Ford’s sequence rule (CATW),

Gle g >0=>GFe

{CarW}
G+ e e

requires ey to be well-formed only when e; is nullable (e; — 0).
Consequently, the expression a(! b / ¢)* passes the inductive check:
since the terminal a is not nullable, the sub-expression (!5 /c)*
is never inspected by that rule. Yet on any input with prefix ax
where x # b, the not-predicate ! b succeeds without consuming
input, causing the star to loop indefinitely. In order to avoid such
degenerate cases, Ford propose a fixpoint computation to build the
set of all well-formed sub-expressions of a grammar. While cor-
rect, Ford’s definition is not direct, since it demands an additional
step to guarantee that the grammar will not loop on inputs. In
response, Ribeiro et al. proposed a type system for PEGs [12] of-
fering a more direct and compositional well-formedness criterion,
and conjectured, without formal proof, that every well-typed PEG
terminates on every input.

In this work we prove that conjecture. We use a logical-relations
argument (Tait’s method), inspired by the classical STLC strong-
normalization proof [8]. The proof is fully mechanized in Agda [11]
with the standard library [2].

More specifically, we make the following contributions:

+ We define a logical relation X G T 7 e for PEGs, where G
is the grammar, I a typing context, 7 the type of e, and e a
parsing expression. X is the conjunction of two invariants:
termination (condition I: e yields a result on every input) and
progress (condition II: if the type of e is non-nullable, every
successful parse of e consumes at least one character). Con-
dition II is essential to show that Kleene-star bodies cannot
loop silently.

+ We prove a fundamental lemma: given a hypothesis as-
serting that every rule satisfies the logical relation X (play-
ing the role of a semantic environment), then every well-
typed expression also satisfies R. The proof is by structural
induction on the typing derivation. A key difficulty absent
in the STLC setting is that such hypothesis is circular: rules
may refer to one another. We resolve this via lexicographic
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well-founded induction on input length and non-terminals
set cardinality.

« We derive strong normalization: every well-typed PEG
terminates on every input. This follows immediately by ap-
plying the fundamental lemma with the lexicographically-
constructed evidence for %.

The rest of this paper is organized as follows. Section 2 intro-
duces the Agda programming language and presents the syntax, se-
mantics, and type system for PEGs. Section 2.3 reviews the strong
normalization proof for STLC. The strong normalization argument
for PEGs is detailed in Section 3. A discussion on the similarities
and differences between our proof for PEGs and the well-known
normalization argument for the STLC is presented in Section 4. Sec-
tion 5 surveys related work, and Section 6 concludes.

2 Background

2.1 The Agda Programming Language

Agda is a dependently typed functional programming language
and proof assistant [11]. Its type system is based on Martin-Lof
intuitionistic type theory: types are first-class values and may de-
pend on other values, allowing precise specifications to be expressed
and enforced at compile time. We give a brief overview of the Agda
features used throughout this paper; readers unfamiliar with Agda
are referred to [15].

Data types. Agda data types are introduced with the data key-
word using GADT-style syntax. As a running example, consider
the Peano natural numbers and the finite type Fin:

data N : Set where
zero : N
suc : N->N
data Fin : N - Set where
zero : {n : N} - Fin (suc n)
suc : {n : N} » Fin n - Fin (suc n)

Because the index n varies across constructors, Fin is an indexed
family: Fin n has exactly n inhabitants. It is used throughout the
formalization to represent nonterminal indices and De Bruijn term
indices in a scope-safe way.

Propositions as types. Agda implements the Curry-Howard cor-
respondence: propositions are types and proofs are terms. A value
of type t = uis evidence of propositional equality; its sole construc-
tor refl witnesses reflexivity. A theorem is then a function from
hypotheses to its conclusion, type-checked by the same checker
as ordinary programs. For example, symmetry and transitivity of
equality are proved by pattern matching on refl:

sym : V {A : Set}{x vy :

sym refl = refl

A} » X =y >y =X

trans : V {A : Set}{x y z : A}
trans refl q = q

{
X
n
<
{
<
n
N
{
X
n
N

Induction as recursion. In Agda, proof by induction is definition-
ally structural recursion: to prove a property of an inductive type
it suffices to give one function clause per constructor with recur-
sive calls on strict subterms. Agda’s termination checker enforces
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this structural condition, which corresponds precisely to the well-
foundedness required by induction. Every proof in this paper is an
Agda function defined in this style. As a concrete example, the fol-
lowing proof shows that list concatenation distributes over length:
length-++ : ¥V {A : Set}(xs ys : List A)
- length (xs ++ ys) = length xs + length ys

length-++ [] ys = refl

length-++ (x u xs) ys = cong suc (length-++ xs ys)

The base case holds definitionally; the inductive step applies the
congruence combinator cong to the recursive call. This particular
lemma is used in the fixpoint theorem to witness that a suffix of a
non-empty parsed prefix is strictly shorter.

Records. Agda’s record types bundle named fields under a sin-
gle type. Fields are accessed with the usual dot notation. In this pa-
per, the logical relation % is a record with two fields (termination
and progress), making it straightforward to construct and project
each condition independently. As illustration, consider how an ex-
istential type is encoded as a dependent record:

record 3 {A : Set}(B : A - Set)

constructor _,_
field

witness : A

proof : B witness

: Set where

The dependent field proof has type B witness, which refers to
the value of the earlier field witness. This pattern is used through-
out the proofs to pair evaluation witnesses with their correctness
evidence.

With-abstraction. Agda’s with keyword allows intermediate re-
sults to be brought into scope for further pattern matching, sim-
ilar to a local case split. Writing with e; | e, scrutinises two ex-
pressions simultaneously, avoiding deeply nested branches. This
construct is used extensively in the fundamental lemma to inspect
results of recursive calls on sub-expressions. A simple illustration
filters a list by a predicate:

filter : {A : Set} - (A - Bool) - List A - List A
filter p [] = []
filter p (x = xs) with p x

| true = x = filter p xs

| false = filter p xs

Each ... branch inherits the full left-hand side and extends it
with the result of scrutinising p x. Readers unfamiliar with Agda
are referred to [11, 15].

2.2 An Overview Of PEGs

Syntax and semantics. Fix a finite alphabet X and n € IN nonter-
minals, identified with indices in {1, ..., n}. The syntax of a parsing
expression is defined by the following context free grammar:

ei=celalAle-el|eleg|e|!le

A PEG grammar G consists of a rule G; for each nonterminal i and
a start expression G;.

Each PEG construct has a deterministic semantics on a string in-
put. The expression ¢ always succeeds consuming no input, while
terminal a succeeds consuming a if the next character matches and
fails otherwise. Nonterminal A; behaves as the expression G; de-
fined for rule i. Sequence e; -e, tries e; first; if it succeeds consuming
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p1 and leaving suffix s’, then tries e, on s’; the sequence succeeds
consuming p; - p, if both succeed, and fails if either fails. Ordered
choice e; /e, tries e; first and returns its result if it succeeds; only
if e; fails does it try ey. Unlike CFG alternation, the choice is deter-
ministic and committed. The Kleene star e* applies e repeatedly as
long as it succeeds, accumulating the consumed prefix; it always
succeeds, possibly consuming nothing. Finally, the not-predicate
le succeeds consuming nothing if e fails on the current input, and
fails if e succeeds; it never consumes input regardless of outcome.
In Agda, nonterminals are Fin n indices and expressions form
an indexed inductive type:
data PExp (n : N)
empty : PExp n
term : Char - PExp n
var : Fin n - PExp n
seq : PExp n - PExp n - PExp n
choice : PExp n - PExp n - PExp n
star : PExp n - PExp n
not : PExp n - PExp n

: Set where

The semantics is given by a big-step relation G ~ e, s =
r, where a result r is either (p, s”) (consumed prefix p, remaining
suffix ) or L (failure). In Agda, results are:
data ParseResult : Set where
ok : Word - Word - ParseResult
fail : ParseResult
The relation Parses G e s r has one constructor per semantic
rule. The star rules, which drive the termination argument, are:
starBase : Parses G e s fail
- Parses G (star e) s (ok [] s)

starStep : Parses G e s (ok p1 s')
- Parses G (star e) s' (ok p2 s'")
- Parses G (star e) s (ok (p1 ++ p2) s''")
Constructor starBase captures the base case: when e fails on
s, the iteration e” succeeds consuming the empty prefix and leav-
ing s unchanged. Constructor starStep captures one iteration:
e succeeds on s consuming prefix p; and leaving suffix s’, and
then e* continues from s’ consuming p, and leaving s”; the com-
bined result concatenates both prefixes. Because the type system
requires e to be non-nullable (nullability flag f), every application
of starStep strictly shortens the remaining input: || < |s|. This
strict decrease is the first component of the lexicographic termina-
tion measure (|s|, |7.F]).

A Type System for PEGs. Following Ribeiro et al. [12], we assign
each parsing expression a type 7 = (1, F) where 7 is a nullability
bit and F C {1,...,n} is the head set: a subset of non-terminals
which can appear at the leftmost position of a rule. Notations 7.
and 7.F denote the nullability and the head set fields for a type 7.

record Ty (n : N) : Set where

constructor mkTy
field
nullable : Bool
first : Subset n

A typing context I assigns an assumed type to each nonterminal.

The judgmentI' e : 7is:

Tre: (t,®) Tra:(f Q)
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T+ A : (TG, {3 UTG).F)

The :(nuF) The: (i F)
Te e : (7 Ay FyU(ifn; then F else ©))

Trte : (n,F) Tre : (g, F) IT'e: (f F)

Fl—el/ez : (’71\/’72> F1UF2) I'e* : (t, F)
I'e:(n F)
IF'le: (t, F)

The nonterminal rule propagates {i} UT(i).F unconditionally, so
T'(Q).F is the transitive closure of head-reachability. The star rule
requires a non-nullable body.

DEFINITION 2.1 (WELL-TYPED GRAMMAR). A grammar G is well-
typed if there exists a context I satisfying: (1) Fixpoint:T -+ G; :
T'(Q) for everyi; (2) Acyclicity:i & T(i).F for everyi.

In Agda:

record WellTyped {n : N} (G :
field
r: Ctxn
hfix : V i - HasType I' (Grammar.rules G i) (I i)
hacy : Vi-1i ¢ first (I 1)
hstart : 3 A t -» HasType I' (Grammar.start G) T

Grammar n) : Set where

Together, the fixpoint and acyclicity conditions prevent all left-
recursive loops.

The nonterminal rule differs from Ribeiro et al. [12] in a way
that is essential for the termination argument. In the original pre-
sentation, the rule for A; is an axiom that looks up I'(§) and enforces
i ¢ T(i).F inline; the type of A; is simply I'(i). Here, the rule un-
conditionally produces (['(i).n, {i}UT(i).F), making i explicit in the
head set, while the acyclicity condition i ¢ I'(i).F is factored out
into the WellTyped record.

This reformulation is what enables the lexicographic measure
(Isl, |z.F]) used in the strong-normalization proof. When A; is ex-
panded, we pass from a type with head set {i} U I'(i).F to the rule
body G; with head set I'(i).F. Because i ¢ T'(i).F by acyclicity, the
cardinality decreases by exactly one. In the original presentation,
A; and G; carry the same head set, so this decrease is invisible.

2.3 Strong Normalization Via Logical Relations

In this section we review the logical-relations method for the STLC,
since our proof for PEGs follows a similar argument. We start by
reviewing the syntax and semantics for STLC. Then, we show the
type system and the definitions necessary for proving strong nor-
malization for STLC.

Syntax. Types are 7 ::= Bool | 0 = 7. Terms use de Bruijn
indices [5] to avoid naming issues:

t ii=#i | Ayt | tyty | true | false | if ¢ then t; else t,

In Agda, type syntax is represented by the following type:

data Ty : Set where
bool : Ty
= 1Ty - Ty - Ty

and A-calculus are encoded by the following inductive type:
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data Term : Set where
var : N - Term
lam : Ty - Term - Term
app : Term - Term - Term
tru : Term
fls : Term
ite : Term - Term - Term - Term

Operational semantics. We use a big-step, environment-based
semantics: a runtime environment p is a list of values; values are
either booleans or closures clos(o, t, p’).

data Val : Set where
bool : Bool - Val
clos : Ty » Term -» List Val -» Val

The judgment Eval p t v (¢ evaluates to v under p”) has seven
constructors. The most important are:

eLam : Eval p (lam t t) (clos T t p)

eApp : Eval p ti1 (clos T body p')
- Eval p t2 v2
- Eval (vz2 @ p') body v
- Eval p (app t1 t2) v

eIteT : Eval p c (bool true) - Eval p t v
- Eval p (ite c t e) v

eIteF : Eval p c (bool false) - Eval p e v
- Eval p (ite c t e) v

Constructor eLam is axiomatic: a lambda abstraction A, t evalu-
ates immediately to the closure clos(o,t, p), capturing the current
environment p without evaluating the body. Constructor eApp eval-
uates f; t, in three steps: f; must reduce to a closure clos(a, body, p’);
the argument #, evaluates to some value v,; and then the body is
evaluated in the extended environment v, : : p’, yielding the re-
sult v. Constructors eIteT and eIteF handle the conditional: the
guard c is evaluated first, and depending on whether it yields true
or false, only the chosen branch is evaluated.

Typing. A typing contextI is alist of types indexed by de Bruijn
position. The judgment I' - ¢ : 7 is defined inductively:

htVar : T [ 1 ]:= 1
- HasType I (var i) T

htLam : HasType (o =) t T
- HasType ' (lam o t) (0 = 1)

htApp : HasType I' t1 (o = 1)
- HasType I' t2 ©
- HasType I' (app t: t2) T

htTru : HasType I' tru bool
htFls : HasType I' fls bool

htIte : HasType I' ¢ bool
- HasType ' t T - HasType ' e T
- HasType I' (ite c t e) T

Constructor htVar looks up the type of a de Bruijn variable at
position i in I'. Constructor htLam types a lambda A, t by checking
the body t in the extended context o : : T, producing type o = 7.
Constructor htApp requires the function to have an arrow type
o = 7 and the argument to have the domain type . Constructors
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htTru and htFls are axioms for the boolean constants. Construc-
tor htIte requires the guard to have type bool and both branches
to share the same result type 7.

The Logical Relation for the STLC. A direct proof that every well-
typed term terminates by induction on the typing derivation fails
at the lambda case: to show that A, t terminates, one needs to know
that the body ¢ terminates for every well-typed argument it may
receive, but those arguments are not part of the current deriva-
tion. Tait’s method [8] resolves this by replacing the syntactic no-
tion of “well-typed” with a stronger, semantic notion: a predicate
SemTy,(v) that asserts not only that v is a value of type 7, but
that applying it to any semantically good argument still yields a
semantically good result. For base type Bool this is just being a
boolean value; for function types o = 7 it requires that the clo-
sure body, when evaluated in an environment extended with any
SemTy -argument, evaluates to a SemTy, -value. Because the re-
lation is defined by recursion on the type (and not on the term),
it sidesteps the circularity of the lambda case. The fundamental
lemma then shows that every well-typed term evaluates to a value
in the relation, from which termination is immediate.

DEFINITION 2.2 (SEMANTIC TYPE). The predicate SemTy,(v) is
defined by structural recursion on T:
SemTygyo1(v) = 3b, v =boolb

SemTy,_,.(v) At p, v = clos(o,t,p) A

Vv, SemTy,(v,) —
I, (n i prtlv)
A SemTy, (v')

The definition is well-founded because SemTy,_,, refers only
to strictly smaller types. In Agda, this becomes a function defined
by pattern matching on Ty:

SemTy : Ty - Val - Set

SemTy bool v=3 A b > v =bool b

SemTy (6 = 1) v=3 A body -3 Ap -~

v = clos o body p x (V v2 » SemTy o v2
- 3 A v' > Eval (vz2 = p) body v' x SemTy Tt v')

DEFINITION 2.3 (SEMANTIC ENVIRONMENT). SemEnv(T, p) holds
when SemTyry;)(pli]) for everyi:

data SemEnv : Ctx - List Val - Set where
snil : SemEnv [] []
scons : SemTy T v - SemEnv ' p » SemEnv (Tt = I) (v i p)
Constructor snil witnesses that the empty runtime environ-
ment [] is semantically consistent with the empty typing context
[]. Constructor scons extends a semantic environment: given a
proof that value v satisfies SemTy, and a proof that p is semanti-
cally consistent with T', it produces a proof that v : : p is consistent
with 7 : : I'. In other words, SemEnv asserts that every value stored
in the runtime environment is semantically good at the type its
corresponding variable was assigned in the typing context.

The Fundamental Lemma and Main Theorem for the STLC.

LEmMA 2.4 (FUNDAMENTAL LEMMA — STLC). If T '+ t : 1
and SemEnv(T, p), then there exists v such that p + t | v and
SemTy, (v).
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PROOF SKETCH. By induction on the typing derivation, carrying
a SemEnv witness for the current runtime environment. The htVar
case retrieves the value’s SemTy proof directly from the SemEnv
witness. The htLam case produces a closure; the SemTy,_,, wit-
ness is a function that, given any v, satisfying SemTy, extends
the semantic environment with v, and recurses on the body. The
htApp case applies the induction hypothesis to both sub-terms, ex-
tracts the closure from the function’s result, and invokes its SemTy
certificate on the semantically good argument, assembling the final
eApp derivation. The boolean and conditional cases are straightfor-
ward. (]

THEOREM 2.5 (STRONG NormALIZATION — STLC). If +t : T,
then there exists v such that+t | v.

ProOOF SKETCH. Apply Lemma 2.4 with the empty semantic en-
vironment snil. The lemma yields v and an evaluation derivation
+t | v; the SemTy component is discarded. Well-foundedness of
SemTy follows from structural acyclicity of types: each recursive
call targets a strictly smaller type, so no separate well-founded ar-
gument is needed. O

3 Strong Normalization For PEGs

This section presents the strong normalization proof for well-typed
PEGs, organized into four subsections. Section 3.1 introduces the
logical relation R and establishes its closure under each PEG op-
erator; unlike the STLC relation, R must also enforce a progress
condition to handle the Kleene-star operator. Section 3.2 states the
Fundamental Lemma, which lifts R from individual operators to
arbitrary well-typed expressions, given a hypothesis hr that pack-
ages X for every grammar rule. Section 3.3 resolves the circularity
in constructing hr: a lexicographic well-founded induction on the
pair (Js|, |7.F|) builds Ar unconditionally for any well-typed gram-
mar. Finally, these three components are assembled into the main
Strong Normalization Theorem.

3.1 The Logical Relation for PEGs

The STLC argument carries over to PEGs, but two new challenges
arise. First, the STLC relation SemTy is defined by recursion on
the type, which is structurally smaller at every recursive call; for
PEGs, types do not shrink when expanding a nonterminal, because
the grammar rules can be mutually recursive. Second, the Kleene-
star operator has no STLC counterpart: showing that e* terminates
requires knowing not only that each iteration of e terminates, but
also that every successful iteration is non-empty; otherwise the
star loops forever.

These two challenges motivate the two conditions of the relation
R GT 7 e. Condition (I) is the direct analogue of SemTy: it asserts
that e terminates on every input. Condition (II), progress, strength-
ens (I) for non-nullable expressions: every successful parse must
consume at least one character. This is what enables the Kleene-
star case: each starStep application strictly reduces the remain-
ing input, making the iteration well-founded. The circularity intro-
duced by nonterminal expansion is handled not inside the relation
itself, but in the construction of the hypothesis hr, via a lexico-
graphic well-founded induction on the pair (|s|, |z.F]) (Section 3.3).

>
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DEFINITION 3.1 (LOGICAL RELATION). Let G, T, v = (, F), e be
given. R GT 1 e is the conjunction of:

(I) Termination: for everys,3r, Gte, s = r.
(II) Progress: if n = f, then for everys, p,s’, G + e, s =
(p,s')=p=+e

In Agda, R is a record type:

record R (G : Grammar n) (I : Ctx n) (t : Ty n)
(e : PExp n) : Set where
field
terminates : Vs - 3 A r -» Parses Ge s r
progress : nullable t = false » ¥V s p s' -

Parses Ge s (ok ps') » p # []

Condition (II) is the PEG analogue of the head-reduction in-
variant in STLC proofs: without it, the Kleene star case cannot be
shown to terminate.

The R Closure Lemmas. We prove that X is closed under each
PEG operator. The most important case is the star:

LeEMMA 3.2 (R FOR KLEENE STAR). Assumel + e : (f,F) and
RGT (f,F)e. Then R GT (t,F) (e”).

Proor skeTcH. Condition (II) holds vacuously because the type
of e* has nullability flag t. For condition (I), we use well-founded
induction on the input length |s|. At each step, the terminates
field of R e is invoked on the current input. If e fails, starBase
closes the goal immediately. If e succeeds consuming prefix p and
leaving suffix s’, the progress field of R e supplies p # ¢, which
implies |s”| < |s|; the induction hypothesis then yields a derivation
for e* on s’, and starStep assembles the combined result.

The remaining operators (¢, terminals, sequence, ordered choice,
and not-predicate) are handled by straightforward structural ar-
guments: termination follows from the hypotheses for their sub-
expressions, and progress from the type-directed form of each rule.

O

3.2 The Fundamental Lemma

The closure lemmas show that % is preserved by each PEG oper-
ator in isolation, but they say nothing about complete grammars.
The fundamental lemma bridges the gap: given a hypothesis hr
asserting that every rule G; already satisfies R, every well-typed
expression also satisfies . This mirrors the role of SemEnv in the
STLC proof: just as SemEnv packages semantic goodness for ev-
ery variable in scope, hr packages X for every nonterminal in the
grammar, allowing the structural induction to proceed without en-
countering unsupported nonterminal calls. The key challenge ab-
sent in the STLC setting is that hr is inherently circular: rules can
refer to each other, so hp cannot be constructed before the lemma
is proved. The fixpoint theorem (Section 3.3) resolves this by con-
structing hr via a separate well-founded induction.

LEmMA 3.3 (FUNDAMENTAL LEMMA). Let G be a grammar, T’ a
context and hy : Vi, R G T (I(Q) (G). If T + e : 7 then
RGTre.

PROOF SKETCH. By structural induction on the typing deriva-
tionI" - e : 7. At each case, the corresponding closure lemma is
applied: for ¢, terminals, sequence, ordered choice, not-predicate,
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and Kleene star, the closure lemmas from Section 3.1 supply X
from the induction hypotheses on sub-expressions. For a nonter-
minal A;, no sub-expression induction is needed: the hypothesis
hr(i) directly provides X G T (I'(i)) (G;), and the nonterminal
closure lemma lifts this to X G T 7 (4)). O

This lemma directly analogizes the STLC fundamental lemma:
hr plays the role of SemEnv. The difficulty, absent in the STLC
case, is establishing hr without circularity.

3.3 The Fixpoint Theorem

The fundamental lemma (Lemma 3.3) assumes a hypothesis hr that
asserts R for every grammar rule, but provides no means of con-
structing it. In the STLC proof this is not an issue: SemEnv is built
incrementally, and well-foundedness of SemTy follows from struc-
tural recursion on the type. For PEGs the situation is more subtle:
hr must assert R for all rules simultaneously, and those rules may
refer to one another in a mutually recursive fashion. Attempting
to build Ar rule by rule would require knowing R for the other
rules first, creating a circular dependency with no obvious start-
ing point.

The fixpoint theorem resolves this circularity by constructing hr
directly through a lexicographic well-founded induction. The
key insight is that circularity only appears to be circular: when
rule G; expands nonterminal A;, the type of A; has a strictly larger
head-set cardinality than the type of G; (by acyclicity, as shown
in Section 2). So the dependency is not circular but rather strictly
decreasing in the second component of the measure. At the same
time, parsing a non-nullable sub-expression within a sequence or
star strictly reduces the input length. Together, these two decreases
define the lexicographic measure ([s|, |7.F|) on which the induction
proceeds.

A simpler approach of inducting on |I'(i).F| alone would provide
R for nonterminals with smaller rank, but only for specific inputs.
The fundamental lemma requires X quantified over all inputs, mak-
ing a single-dimensional induction insufficient. Inlining the funda-
mental lemma into the induction and ranging over both dimen-
sions simultaneously is what makes the argument go through.

The key lemma. We inline the fundamental lemma and induct
over typing derivations using (|s], |7.F|) as a lexicographic measure.

LEMMA 3.4 (LEXICOGRAPHIC KEY LEMMA). Let G, T satisfy the
fixpoint and acyclicity conditions. Then for every {, f, every s with
|s| < ¢, and everye withT e : 7 and|r.F| < f:

dr, G+e, s = r

A tn=f > Vps', Gre s = (ps)>p+e.

PROOF SKETCH. By strong induction on ¢ (outer) and then on f

(inner), followed by structural induction on the typing derivation.

« Nonterminal A;: The head set of 4; is {i} UT'(}).F. By acyclic-

ity, i € T(i).F, so [TG).F| < |{i} uTG).F| < f. We apply

the inner IH at strictly smaller cardinality to the fixpoint

hypothesis T - G; : T(i).

« Sequence e; - e5: The structural IH gives termination of e; on

s. If e; consumes p; # ¢, the suffix s satisfies || < |s
recurse on e, via the outer IH.

; we
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« Kleene star e”: Structural IH gives termination and progress
for e; progress forces p # ¢, hence |s’| < [s|; recurse on e*.

|

Now we have all the ingredients for proving the fixpoint theo-
rem.

THEOREM 3.5 (F1xPOINT). If G is well-typed with witnessT, then
Vi, R GT (T()) (G).

PROOF SKETCH. Instantiate Lemma 3.4 for each rule G;: set { =
|s| and f = |['(i).F|. The well-typed grammar hypothesis supplies
the fixpoint condition I' + G; : I'(i) and the acyclicity condition
i ¢ T(i).F, which are the two premises required by the lexico-
graphic key lemma. The two conclusions of that lemma are exactly
conditions (I) and (II) of . a

3.4 Strong Normalization Theorem For PEGs

The three preceding results now compose into the main theorem.
The closure lemmas establish that R is preserved by each PEG
operator. The fundamental lemma (Lemma 3.3) lifts this to arbi-
trary well-typed expressions, provided the hypothesis hr is avail-
able. The fixpoint theorem (Theorem 3.5) constructs hp uncondi-
tionally for any well-typed grammar, resolving the circularity via
the lexicographic key lemma. Combining these three steps yields
the strong normalization theorem: every well-typed parsing ex-
pression terminates on every input.

THEOREM 3.6 (STRONG NORMALIZATION). If G is well-typed in a
context T andT' + e : z, then for every s there exists r with G +
e, s = r.

Proor skETCH. Apply Theorem 3.5 to obtain hr, then apply the
Fundamental Lemma (Lemma 3.3) toT e : 7 and hr. The re-
sulting X G T' 7 e provides condition (I), which is the required
termination statement. g

COROLLARY 3.7. Every well-typed grammar terminates on every
input.

Proor skETCH. Apply Theorem 3.6 to the start expression of the
grammar. g

4 Discussion

Both proofs share the same high-level architecture: define a logical
relation indexed by the type, prove a fundamental lemma by induc-
tion on the typing derivation, and derive strong normalization as a
corollary. The differences arise from two structural properties that
hold for the STLC but fail for PEGs.

The first difference concerns the logical relation itself. For the
STLC, SemTy, is defined by structural recursion on 7: at function
type o = 7, the recursive calls target strictly smaller types, so well-
foundedness is free. For PEGs, types do not shrink under nontermi-
nal expansion, since rules can refer to one another. The relation X
sidesteps this by capturing only two input-output properties (con-
ditions I and II) rather than encoding the full semantic behavior;
the well-foundedness argument is deferred to the fixpoint theo-
rem.
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The second difference concerns circularity. In the STLC proof,
the semantic environment SemEnv is built incrementally: each vari-
able is added to the context one at a time, and there are no cyclic
dependencies between variables. For PEGs, the hypothesis A must
cover all grammar rules simultaneously, and those rules may be
mutually recursive. The resolution is the lexicographic induction
on (|s|, |z.F]): expanding nonterminal A; decreases |z.F| by acyclic-
ity, and processing the suffix after a non-nullable sub-expression
decreases [s|. Neither decrease alone suffices; together they define
a well-founded order that covers every case.

A third, smaller difference is the progress condition (II). The STLC
proof never needs to track how much input a term consumes, be-
cause evaluation always terminates by structural recursion on the
term. For PEGs, the Kleene star has no such structural guarantee:
without knowing that each iteration is non-empty, the termination
argument for the star breaks down. Condition (II) of R supplies this
extra invariant and is propagated through all closure lemmas that
produce non-nullable types.

5 Related Work

Ford [7] introduced PEGs and established termination through a
syntactic well-formedness condition. Ribeiro et al. [12] gave a type-
theoretic account; their termination argument is informal. Our work
provides the missing formal proof.

Koprowski and Binsztok [9] present TRX, a PEG parser inter-
preter formally developed in Coq. Their semantics is step-indexed
(derivations carry a step count), and they prove determinism, sound-
ness, and completeness of parsing with respect to the PEG seman-
tics. They further extend PEGs with typed semantic actions (XPEGs),
yielding certified parsers that compute structured results. Termina-
tion is guaranteed by a syntactic check for the absence of indirect
left-recursion, a variant of Ford’s syntactic well-formedness condi-
tion. Certified parsers are extracted from the Coq development via
code extraction and validated on XML and Java grammars. The pri-
mary contrasts with our work are: (1) TRX targets soundness and
completeness of parsing, while we target strong normalization; (2)
termination in TRX relies on a syntactic left-recursion check, while
we use a type system whose head-set types admit grammars that
syntactic checks reject; (3) TRX does not use logical relations.

Medeiros and Olarte [6] present a rewriting-logic semantics for
PEGs in Maude, formalizing both local and global cuts as unified
backtracking-control mechanisms. Their framework is executable
and serves as both a parser and a tool for reasoning about parsing
behavior. The primary contrast with our work is the proof tech-
nique and objective: they target semantic adequacy and cut formal-
ization in rewriting logic, while we target strong normalization via
logical relations in Agda.

A type-inference algorithm for the type system of Ribeiro et
al. [12] was proposed in [3]. The approach translates typing con-
straints generated from a grammar into SMT-LIB formulas and
uses the Z3 solver to infer types for all non-terminals automati-
cally, removing the need for manual annotations. The algorithm is
shown to be sound and complete with respect to the type system.
This work addresses the usability of the type system, whereas our
work addresses its soundness: we provide the formal termination
proof that the type system implicitly relies on.
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Dabher et al. [4] formalize Pest, a prominent PEG-based parser
generator for Rust that extends the standard PEG formalism with
new repetition operators and an implicit stack. They give a for-
mal semantics for these constructs and extend the type-inference
algorithm of [3] to cover them, preserving the guarantee that well-
typed grammars do not loop. This work is complementary to ours:
they extend the type system to new operators and automate type
inference, while we provide the logical-relations proof that well-
typed grammars are strongly normalizing.

Krishnaswami and Yallop [10] give a typed, algebraic account
of parsing using p-regular expressions, an algebraic representa-
tion of context-free languages. Their type system restricts to LL(1)
grammars and guarantees linear-time parsing through a denota-
tional semantics and parser combinator library. The primary con-
trast with our work is the target formalism: p-regular expressions
admit only LL(1) context-free languages, while well-typed PEGs
cover a broader class including ordered choice and the not-predicate.
In the LL(1) setting no logical-relations argument is needed be-
cause the denotational semantics is directly well-founded; in our
setting the mutual recursion between non-terminals requires the
lexicographic measure.

Shankar and Lucas [13] formalize a chart parsing approach to
PEG parsing in PVS. The parser is modeled as a state machine op-
erating on a scaffold data structure indexed by input position and
non-terminal; termination is established via a lexicographic mea-
sure on the number of unfinalized scaffold cells. Unlike our ap-
proach, they admit possibly left-recursive (ill-formed) PEGs and
handle loops dynamically at parse time, also extracting a proof-of-
parse representation from the final scaffold. The primary contrast
is methodological: their dynamic, chart-based approach in PVS ver-
sus our static, type-based approach in Agda.

Logical-relations proofs for typed A-calculi are classical [8, 14].
Wadler et al. [15] give a pedagogical Agda formalization via small-
step semantics with substitution. Our proof (Section 2.3) uses big-
step environment-based semantics, avoiding substitution at the cost
of evaluating both branches of a conditional in the fundamental
lemma.

Abel et al. [1] propose POPLMark Reloaded, a benchmark for
comparing proof assistants on mechanizing logical-relations proofs.
The benchmark establishes strong normalization of STLC extended
with disjoint sums via Kripke-style logical relations, with solutions
in Beluga, Coq, and Agda. The Agda solution uses intrinsically-
typed de Bruijn terms and type-directed small-step reductions with
explicit substitutions. By contrast, our STLC development uses a
simpler, non-Kripke logical relation with big-step environment se-
mantics, which avoids the substitution lemmas their mechaniza-
tion requires. Our STLC proof serves as a pedagogical stepping
stone toward the PEG normalization argument rather than as a
standalone benchmark.

6 Conclusion

We have presented a mechanized proof of strong normalization
for well-typed Parsing Expression Grammars in Agda. The proof
employs the logical-relations methodology, introducing a relation
R that captures both termination and a progress invariant. The key
technical contribution is the lexicographic key lemma (Lemma 3.4),
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which resolves the circularity introduced by mutual rule recursion
through a lexicographic well-founded induction over (Js|, |z.F|).

Future work includes formalizing the type inference algorithm
for PEGs proposed by [3], extending the result to PEG variants
with attributes and defining a definitional interpreter for typed
PEGs by embedding the measure used by Lemma 3.4 into the in-
trinsically-typed representation of PEGs.

Artifact Availability

The Agda source code for the formalization is available at the fol-

lowing repository:
https://github.com/lives-group/peg-strong-normalization

and it type-checks in Agda 2.7.0.1 with standard library 2.2.

Use of Generative Al

Generative Al technologies (specifically Gemini) were used in the
preparation of this work for grammatical review. The authors re-
viewed all Al-generated suggestions and take full responsibility for
the content and validity of the final text.
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